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Abstract

Here we perform the univariate quantitative approximation, ordinary and fractional, of
Banach space valued continuous functions on a compact interval or all the real line by
quasi-interpolation Banach space valued neural network operators. These approximations
are derived by establishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative or fractional deriva-
tives. Our operators are defined by using a density function generated by the Richards curve,
which is generalized logistic function. The approximations are pointwise and of the uniform
norm. The related Banach space valued feed-forward neural networks are with one hidden
layer.

Keywords Richards curve function - Banach space valued neural network approximation -
Banach space valued quasi-interpolation operator - Modulus of continuity - Banach space
valued Caputo fractional derivative - Banach space valued fractional approximation
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1 Introduction

The firstauthorin [1, 2], see Chapters 2—5, was the first to establish neural network approxima-
tion to continuous functions with rates by very specifically defined neural network operators
of Cardaliagnet—Euvrard and “Squashing” types, by employing the modulus of continuity
of the engaged function or its high order derivative, and producing very tight Jackson type
inequalities. He treats there both the univariate and multivariate cases. The defining these
operators “bell-shaped “and “squashing “functions are assumed to be of compact suport.
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Also in [2] he gives the Nth order asymptotic expansion for the error of weak approximation
of these two operators to a special natural class of smooth functions, see Chapters 4-5 there.

Again the first author inspired by [14], continued his studies on neural networks approx-
imation by introducing and using the proper quasi-interpolation operators of sigmoidal and
hyperbolic tangent type which resulted into [3—7], by treating both the univariate and multi-
variate cases. He did also the corresponding fractional cases [8, 9, 13].

The authors here perform Richards’s curve activated neural network approximations to
continuous functions over compact intervals of the real line or over the whole R with valued
to an arbitrary Banach space (X, ||-||). Finally they treat completely the related X-valued
fractional approximation. All convergences here are with rates expressed via the modulus
of continuity of the involved function or its X-valued high order derivative, or X-valued
fractional derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of our upper
bounds to error quantity are very flexible and general. In preparation to prove our results we
establish important properties of the basic density function defining our operators which is
induced by the Richards curve, which is a sigmoid function. Richards’s curve among others
has been used for modeling COVID-19 infection trajectory [17].

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the only type of
networks we deal with in this article, are mathematically expressed as

n
N, (x) = ZCJ'U (<aj -x>+bj),x eR’, s €N,
=0
where for0 < j < n,b; € R are the thresholds, a; € R* are the connection weights, c; € X
are the coefficients, (a - x> is the inner product of a; and x, and o is the activation function
of the network. About neural networks in general read [15, 18, 20].

2 Preliminaries

A Richards’s curve is

1
‘P(X)ZW;XER»M>O, (nH

which is strictly increasing on R, and it is a sigmoid function, in particular this is a generalized
logistic function [21].
See that

lim op(x) =1 and lim ¢ (x) =0. 2)
x—+00 xX——00
We consider the following activation function

1
G(x)zE(ﬁl)(x-i-l)—w(x—l)),xER, 3

which is G(x) > 0, all x € R.

The function ¢ has great applications in epidemiology and especially in COVID-19 mod-
eling infection trajectories [17].

We have that

1
<0(0)=5 and ¢ (x) =1—-9(—x). 4)
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We notice that

1
G (—x) = E(w(—x—kl)—ga(—x—l))
1
E[l—gﬂ(x—l)—l-f—(ﬂ(x—i-l)]
1
:§[¢(x+1)—<ﬂ(x—l)]=G(x),VxeR. 5)

So that G is an even function.
‘We have that

1
G(0)=2(<ﬂ(1)—</’( 1)

1
25( —p (=D —-9p(- 1))—*(1—2§0( 1)
_l 1 1—|—e"—2 _l et —1
_2< 1+eu> 2( 1+ et >_§(eu+1>’

that is
et —1

Letx > 0, we have that
%(w x+D—¢ (x—1)

() ()

= % (((—1) (1+ e—““*“)%) e (—p) — (= 1)
(1 n e—u(x—l))‘z o H—1) (—u))

—uGt) —ueD\ 2 ) —ue—1\ 72
ue 1+e ue 1+e

[ pnGe+D) o~ x—1) :|

1 4+ e—px+D 2 1 4+ e—m(x=1) 2
L(1+ ). 1+ )

[\)\Y; l\)\

[ | 1
D [1 4 e 280HD) 4 2= OHD] 0D [1 4 20061 1 2p—G-D] }

1 1
| oG+ fo—ntD) 13 en(—D) 4 o—nG—1) 4 2]

1 1
(O D) p—pt1) T oG o—ux—1)
i e +Ze + 1 e +Ze + 1

N RS Y RS SIS ST~

[ 1 1
Lcosp(x+1)+1 _cosu(x—l)—i-l]
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:ﬁ[ cosp(x —1) —cosp (x + 1) ]<0,VXZ1. o
4 | (cospu(x+1)+1)(cosu(x—1)+1)

So for x > 1, G’(x) < 0 and G(x) is strictly decreasing.

Letnow 0 < x < 1,thenl —x >0and0 < 1—x < 1+ x, thencoshu(x — 1) =
cosh (1 — x) < cosh u(x + 1), so that again G’(x) < 0, and G(x) is strictly decreasing
over) < x < 1.

Thus G (x) is strictly decreasing on (0, +00).

Clearly, G(x) is strictly increasing on (—o0, 0), and G’'(0) = 0.

‘We observe that

im G (x) = 3 (¢ (+00) — ¢ (+00)) =0,

®
lim G (x) = 3 (¢ (~00) = ¢ (=00)) = 0.
X—>—00
That is, the x-axis is the horizontal asymptote for G.
Conclusion, G is a bell symmetric function with maximum
Goy=-2"1 ©
S 2(et+ 1)
We need
Theorem 1 It holds
o0
Y Gux-i)=1VYxeR. (10)
i=—00
Proof We observe that
oo
Y= —px—1-1i)
i=—00
o] —1
=Y (px—D—px—1-)+ Y (@x—D—px—1-0).
i=0 i=—o00
Furthermore (A € Z™T)
o
dDlpx—i)—px—1-1) (11)
i=0
s
i o R | .
A;rrgoz(; (p(x—i)—p(x i)) (telescoping sum)
=lim (p(x) —p(x -+ 1)) =¢(x).
A—00
Similarly, it holds
—1 —1
Y@= —pa—1=i)=lim ¥ (p@—i)—¢0—1-1)
i=—00 i=—2
lei)ﬁ;o(<ﬂ(x+)»)—(/)(x))=1—</J(X)- (12)
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Therefore we derive

Y pa-i)—px—1-i)=1VxeR, (13)
and
Y pa+l-i)—p@x—i)=1VxeR (14)

Adding the last two equations we get

Y pr+l-i)—p(x—1-i)=2VxeR (15)

i=—00

Since

G(X)Z%(</>(X~H)—§0(x—l)),
we have that
G(X—l')=%[¢()f+1—i)—w(x—l—i)], (16)
giving Y% G (x—i)=1. O

Remark 2 Because G is even it holds

o0
Z G@i—x)=1VxeR.

i=—00
Hence
o0
Y Gl+x)=1VYxeR,
i=—00
and
o0
Y Gu+i)=1VxeR. (17)
i=—00
Theorem 3 It holds
o0
/ G (x)dx = 1. (18)
—0oQ

Proof We observe that

00 S Jj+1
/ G(x)dx = Z / G (x)dx =
—00 j

j==00

o0 1
> / G (x+ j)dx
0

j=—00
1
/ ldx = 1.
0

So G (x) is a density function. ]

o0

1
=/ Y G+ j)dx
0

j=—00
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‘We need

Theorem4 Let 0 < o < 1, and n € N with n'=% > 2. It holds

Z G (nx —k) <
{ k= —o00

ey k>0 19)

Cnx — k| >n'T?
Proof We have that
1
G (x) = E[‘P(x'f'l)—(p(X— D],Vx € R.
Letx > 1. Thatis 0 < x — 1 < x 4 1. Applying the mean value theorem we get

Me*#é

1
:7-2- ! = ! [ —
G =529 =06 (4 o)

where) <x —1 <& <x+ 1.

Notice that
G(x) < pe ™ < pe ™D vy > 1.

Thus, we have
o o
> G (nx —k) = > G (Inx — k)
k = —o00 k=
Cnx — k| > nl® Cnx — k| > nl
<u Z o~ (Inx—k|—1)

k
Cnx — k| > nl

o o
< M/ e M Dy = M/ e Mdz (20)
nl-e—1 nl-e—2
o o
=/ e "d(uz) =/ e dy = {—e_y\oia 2]
nl-e—2 nl-e—2 T
P ] BRI, SR S @1
={e =e = )’

forn'=® > 2, n € N. We have found that

Z G (nx —k) <
{ k= —o00

tnx — k| =n

ma (22)
-«

forn!=® > 2, n e N. O

Denote by |-] the integral part of the number and by [-] the ceiling of the number.
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Theorem 5 Let [a, b] C Randn € N so that [na < |nb]. It holds
1 4(1 4 e72H)
<

——, >0, (23)
legl:hlrjna—‘ G (nx - k) ] ¢ 2”
Vxe€la,b].
Proof Let x € [a, b]. We see that
o0 lnb]
=Y Gmx—k> Y Gx—k)
k=—o00 k=[nal
lnb]
= Y G(nx—kl) > G (Inx —kol), 24)
k=[nal

Vko € [[nal, |nb]]NZ.
We can choose kg € [[na], [nb]] N Z such that |nx — kg| < 1.
Therefore we get that

1 1 1 1 1 1_672;1
G(Inx—k0|)>G(1)=§<<p(2)—5)=7<7_,>

2\T¥e 7 2) T a0+ e 2y
(25)
and
Lnb) gy
> Glnx —kl) > = (26)
k=[nal
That is
1 4(1 + e721
] < (1 e_zu ), 27
S G e~k L—e
proving the claim. O
We make
Remark 6 We also notice that
nb] [nal—1 00
1— > Gub—-k= Y Gmb—k+ Y G@mb—k
k=[na] k=—00 k=|nb]+1
> G (nb — |nb] — 1) (28)
(calle :=nb — |nb],0<e < 1)
=GEe—-1)=G(1—-¢)>G (1) >0.
Therefore
[nb]
dim (1 > Gmb—k | >o0. (29)
k=[nal
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Similarly,
Lnb)] fnal—1 0
1= > Gra-ky= Y Gma-k+ Y Gna—k)
k=[na] k=—00 k=|nb]+1

> G (na — [nal +1)

(call  := [nal —na,0 <n < 1)

=G(1-n=G1)>0. (30)
Therefore again
[nb]
lim (1 - Y Gma-k|=>0. 31)
k=[nal
Here we find that
[nb]
lim Z G (nx — k) # 1, for at least some x € [a, b]. 32)
n»ook e

Note7 Let[a, b] C R. For large enough n we always obtain [na] < |nb]. Alsoa < % <b,
iff [nal <k < [nb].

In general it holds (by Y ;o G(x—i)=1,Vx eR)thatis

i=—00
Lnb]

Z Gmx—k)<1. (33)
k=[nal

Let (X, ||-])) be a Banach space.

Definition 8 Let f € C ([a,b], X) and n € N : [na] < |nb]. We introduce and define the
X-valued linear neural network operators

b
ZIE” (Jmﬂ ( ) G (nx - k)
Y 0 G x — k)

L,(f,x):= ,X €la,b]. (34)

Clearly here L, (f,x) € C ([a, b], X).

For convenience we use the same L, for real valued functions when needed. We study
here the pointwise and uniform convergence of L, (f, x) to f (x) with rates.

For convenience, also we call

Lnb]

Ly(f.x)= > f( )G(nx—k), (35)

k=[nal
(similarly, L} can be defined for real valued functions) that is

Ly (f,x)
L,(f,x):= . (36)
S G (nx — k)

So that
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L (f,
Ln (f?x)_f(x)= |nb] n(f x)
Zk:(mﬂ G (nx — k)

i ACY)

Li(f.x)— f (%) (Z,E”:bﬁm G (nx — k))

(37
Z,E":tha] G (nx — k)
Consequently, we derive that
_ lnb|
4(1 + e
ILn (0 = F Ol = —— = [ L (f0 = f )| Y Gl =k
k=[nal
_ Lnb]
41+ 21 k
i Z S . —fx))Gmx —k)|. (38)
k=[nal
We will estimate the right hand side of the last quantity.
For that we need, for f € C ([a, b], X) the first modulus of continuity
w1 (f,8) = sup If &) —=fmli,é>0. (39
x,y €la,b]
x—yl <4

Similarly, it is defined w; for f € C,p (R, X) (uniformly continuous and bounded functions
from R into X), for f € Cp (R, X) (continuous and bounded X-valued), and for f €
Cy, (R, X) (uniformly continuous).

The fact f € C ([a, b], X) or f € C, (R, X), is equivalent to lims_,o w; (f, 8) =0, see
[11].

We make

Definition9 When f € C,5 (R, X),or f € Cp (R, X), we define
_ ad k
Ly (f.x):= ) f(f>G(nx—k), (40)
k=—o00 n

n € N, x € R, the X-valued quasi-interpolation neural network operator.
We make

Remark 10 'We have that

< 1 fllor < o0,

[G)

and
k
Hf (")H Gx —k) < I flloor G (nx —k) (41
and
A X A
f(*)HG(nx—k)S I loo, ( G(nx—k)),
k;A n 8 k;,\
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and finally

> k
> Hf <;) H Gnx —k) < | flloor - (42)
k=—00

a convergent series in R.
So, the series ZI(:Oz—oo Hf (%) H G (nx — k) is absolutely convergent in X, hence it is

convergent in X and L, (f,x) € X. We denote by || flloc := sup,epq.p) I/ ()l for f €
C (la, b], X), similarly it is defined for f € Cp (R, X).

3 Main results
We present a set of X-valued neural network approximations to a function given with rates.

Theorem 11 Let f € C ([a,b],X), n > 0,0 < @ < LneN:n'"%>2 x ela,b].Then
i)

4(1+e72) 1 21 flloo _
ILn (f %) = f I < ﬁ[(vl (f, nj)'f‘m] =P, (43)
and
(ii)
ILn (f) = fllw < p- (44)
We get that lim,,_, », L, (f) = f, pointwise and uniformly.
Proof We see that
Lnb) k
> (f (;) - f(x)> G (nx —k)
k=[na]
Lnb) k
<> ‘f(*) — ()] G (nx =k
k=[nal n
Lnb) k
= > Hf(n) — )| Gnx—k)
k = [na]
[
lnb] k
+ > Hf (;) — f@)|Gmnx -k (45)
na
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Lnb]

k
< o G —k
= Z wl(f»n x) (nx — k)
= [na]
& x| =@
n n
[nb]
201 f oo Z G (nx — k)
k = [na]
lk —nx| > n'~@
1 o0
§w1<f,n7> Z G (nx — k)
k=—00
k_ x’ < L
n —n
o0
21 flloo > G (nx —k)
k = —o0
lk —nx| > n'~®
1 211 flloo
= a) sy — )t — 46
(by Theorem 4) ! (f n"‘) en(n1=2=2) (46)
That is
[nb] X
> (f (;) - f(x)) G (nx — )
k=[nal
1 2 flloo
< wi <f7 n?)"‘m (47)
Using the last equality we derive (43). O

Next we give
Theorem12 Let f e Cp (R, X), 0 < < 1,u>0,neN:n1’°’>2,xeR.Then
®
20 flloe

eht(n'=*=2)

_ 1
L0 - sl zon(£20) + v @9)

and
(ii)
10 ()= fllo <7 (49)
For f € Cup (R, X) we getlim,, o L,, (f) = f, pointwise and uniformly.

Proof We observe that

|Ln (fox) = f )| =

o0 k o0
> f<;)G(nx—k)—f(x) > Gx—h

k=—00 k=—00

> <f <§) - f(x)> G (nx = k)

k=—00
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<> Hf(%) —f )

k=—00

G (nx — k)

> k
= > Hf<n>—f(x) G (nx — k)
k=—00
s
> k
+ > Hf(n)—f(x) G (nx —k) (50)
k=—00
sl >
< Z w1 (f, f—x>G(nx—k)
k= —o0
n x| =g
2 flloo > Gx—k
k = —o0
w x>
1 = 211f lloo
< w (f,n—a) Z G(nx—k)+m
k=—00
=2
1 201 fllso
= wi (fv nj)'ﬁ‘m, (51)
proving the claim. O

We need the X-valued Taylor’s formula in an appropiate form:

Theorem 13 [10, 12] Let N € N, and [ € C¥ ([a, b], X), where [a,b] C Rand X is a
Banach space. Let any x, y € |a, b]. Then

N i )
F@ =3 0 0+

f - 0M (P 0 - £ )
i= y
(52)

The derivatives f @, i e N, are defined like the numerical ones, see [22], p- 83. The
integral [ in (52) is of Bochner type, see [19].

By [12, 16] we have that: if f € C ([a,b], X), then f € L ([a,b], X) and f €
Ly (la,b], X).

In the next we discuss high order neural network X-valued approximation by using the
smoothness of f.

Theorem 14 Let f € CN ([a,b],X), n,N e N, u > 0,0 < « < 1, x € [a,b] and
nl=% = 2. Then
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(@)

ILn (f.x) = f OOl =

= | & i el T

(N) _ N
o (O 1 1 i 2 Hf ”oo (b—a)
: " ne ) neN NI Nlegh(n'=%=2) ’

(53)

4(1 + =20 (i 1£9 @) [1 b —a) }
D o

(i) assume further f) (x9) =0, j =1, ..., N, for some xq € [a, b], it holds

4(1 + 2
l—e2u

2 || £V — N
X[M(fw),’;) A VA IR ] s

ILn (f,x0) = f (x0)| =

neNN! Nl (n'=*=2)

and

(iii)

-2 N ) N
1L (F) = Fllog = “)lZ”f_”w [‘+“’ “ }
J

1 —e 21 — Jj! nej eu(n‘*“72)

(N) — N
+| o f(N)’i 1 +2Hf loc ®—a) '
n® ) noN N\ Nlet(nl=¢=2)

(55)

Again we obtain limy,_, o, L, (f) = f, pointwise and uniformly.

Proof Next we apply the X-valued Taylor’s formula with Bochner integral remainder (52).
We have (here %, x € [a, b))

kY al f9 @) (k / g V) ) (E_I)N_l
f<n)—§) j! <Tx> +/x (r @ =5 o) S
(56)
Then
N () J
f<E)G(nx—k):*ZwG(nx—k)<k—x>
n s Jj! n
k k N—-1
4G (nx —k)f" (f<N> 1) — f™ (x)) (’EN_)I)'dt. (57)

Hence
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[nb] lnb]

> f(5>Gmx—k) f) Y Gox—k)
n
k=[nal k=[nal
N ) [nb] J
:zzf:“)ijcoz—m<f—a
j=0 J: k=[na)
[nb] ( I)Nfl
—+2:am—m/ ﬂmm ﬂmugjv—rw. (58)
k=[na]
Thus
mm
Ly(f.x)—f ) G(nx—k)
k=[nal
N () ,
Zf DL (=) 4 a0, (59)
where
Lnb| (k 1
M@= Y Gk / (r @ = 1™ ) e (©)
k=[nal

We assume that b —a > nT“ which is always the case for large enough n € N, that is when
n>|Mb- a)_l

Thus|k—x| 0r|k |

L n? n”'
et
( I)N—l
y = f (£ @ = £ ) i, (61)
in the case of |§ — x’ < ;Ta’ we find that
1 1
Il < a (f“”, ,Ta) AN N (62)
forx < forx > %
We prove it next.
(i) Indeed, for the case of x < k , we have
' (-0
i =| [T (7 0= 1 )
L -
<[l o] G
k k N—-1 k [k N-1
n = —1 l n |l —t
< ["or (510~ 1) (uv))d’ = (f<N>, n—a> / ("(N_)l),dt
X X !
N
1\ (5 -x) 1 1
_ Ny L\ \n < Ny = ) 63
@1 (f ’n"‘) N = (f ’n“)n“NN! (63)
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(ii) for the case of x > 5‘7, we have

/ (70— 1 ()

x (N —=D!

)N—l

Il = dt

< / ' | 7™ @ = 5@ ) (t(;i)l),dr

k)N—l

Y % (-
Jo (¥ 0= 1 @) T

n

k)N—l

[ W) (Ul o LY =",
—fm(f "f—X')Wf—“(f *>fﬂt

1Y (x=5Y 1\ 1
_ ) )
- (f ’ n"‘) NS <f ’ na> neN N1 )

We have proved (62).

We treat again ¥, see (61), but differently:
Notice also for x < % that

/ % (r™ -1 w) G

x (N = D!

" (t-n""
Sfx Hf(N) = -1

k N-1 N
S e R
a)N

N—1
) dt

dt

K

Next assume % < x, then

/X (Fr™ =Y w) G-

(N —=D!

N—1
) dt

(="
(0 w) S

\»\

==
| =
~
Tz

ORI (t(]; w i < (66)

<
- Jk
n

X _k N—1 _k N
A T

N
SZHf(N)” G-a”
o
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Thus
(b— a)”
il <2 ™| ==
in the two cases.
Therefore
|nb) [nb]
Ap (x) = > Gnx—k) v+ > G (nx — k) .
{k_ [na {k=fna1
Fox < w x>
Hence
[nb] | |
1A, () < > G (nx — k) (wl <f<N>, n7> NWN)
{k = [na]
k 1
w x| =g
nb] N
(b—a)
Gx=b 2[5}
-+ > (nx —k) | 2{ F]
{k = [na]
F x> e
1 1 (b — a)N
Ny (N)
<o <f ’na> NV T e“(”l ") Hf H
That is
p < AU ) 2V -0
” n (x)” = NN N!e“("lia_z) s

Vxé€la,b].

‘We further see that

Lnb]

L ((._x)j): > Gox—k <—x)j,

k=[na]

where L7 is defined similarly for real valued functions.

Therefore
‘ [nb] k j
k
Ly ((- —x)f)\ < ) G@x—k ‘; —x
k=[nal
Lnb) P
= Z G (nx — k) ‘ - X
n
= [na]l
}5 x| < w
n — n
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k Jj
G —k)|— —
+ Z (nx )‘n X
{k = [na]
k 1
|5 —x|>
(2<3) ! b 72
= =7 +( a) (1 2)” (72)
That is
. 1 .
* (0 — ) _ )y -
(=) =g+ o—a) s, 73)
forj=1,...,N.
Putting things together we have proved
[nb]
Ly(f0—f@| Y Goux—k
k=[nal
L owl [ 6w
= Z i nai + pu(n'==2)
= J: e
1y 1 2 e-a"
o (N =) = + ” H°°1, , (74)
n® ) n@NN! Nle(n'=*=2)
that is establishing the theorem. O

All integrals from now on are of Bochner type [19].
We need

Definition 15 [12] Let [a, b] C R, X be a Banach space, @ > 0; m = [a] € N, (-] is the
ceiling of the number), f : [a, b] — X. We assume that f(m) e Ly ([a, b], X). We call the
Caputo—Bochner left fractional derivative of order o:

(D%, f) (x) == ﬁ /X (x — )" F O (1) dt, Vx € [a, b]. (75)

Ifo e Nyweset Dy, f = f ™) the ordinary X -valued derivative (defined similar to numerical
one, see [22], p. 83), and also set Dgaf = f.

By [12], (D%, f) (x) exists almost everywhere in x € [a, b] and D%, f € Ly ([a, b], X).

I £, sy < 00 then by [12], D% f € C(la.b],X). hence D% f| <
C ([a, b)) .

‘We mention

Lemma16 [11] Leta > 0, @ ¢ N, m = [a], f € C" ' (la,b], X) and f™ €
Lo (la, b], X). Then D2, f (a) = 0.

‘We mention

Definition 17 [10] Let [a, ] C R, X be a Banach space, « > 0, m := [a]. We assume that
f m e, ([a, b], X), where f : [a, b] — X. We call the Caputo—Bochner right fractional
derivative of order «:

(=D™

D51 = ra

b
/ (z— )" £ (1) dz, Vx € [a, b]. (76)
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We observe that (D} f) (x) = (=)™ f™ (x), form € N, and (D)_f) (x) = f (x).

By [10], (Dz‘_f) (x) exists almost everywhere on [a, b] and (DZ‘_ f) € Ly ([a,b], X).
< oc,ande ¢ N, by [10], D¢_f € C([a,b], X) , hence | DY_f| €

o Leo([a,b1,X)
C ([a, b))

‘We need

Lemma 18 ([11]) Let f € C" Y ([a,b], X), f™ € Lo ([a,b],X), m = [a], « > 0,
a ¢ N. Then DY_f (b) = 0.

‘We mention the left fractional Taylor formula

Theorem 19 [12] Letm € Nand f € C™ ([a, b], X) , where [a, b] C R and X is a Banach
space, and let « > 0 : m = [a]. Then

f(x)—Z(x )f(’>()+r()/ (x — 2 (D%, f) @) dz, (77)

i=0
Vxe€la,b].
We also mention the right fractional Taylor formula

Theorem 20 [10] Let [a,b] C R, X be a Banach space, « > 0, m = [a], [ €
C" ([a,b], X). Then

TR Sl S GO i g 4 o / -0 (DL f) @dz. (9)
i=0
Vxé€la,b].
Convention 21 We assume that
Dg,, f (x) =0, for x < xo, (79)
and
xo_f (x) =0, for x > xo, (80)
forall x, xg € [a, b].
We mention

Proposition 22 [11] Let f € C" ([a, b], X), n = [v], v > 0. Then D}, f (x) is continuous
inx € la, b].

Proposition 23 [11]Let f € C™ ([a, b], X), m = [a],a > 0. Then D, _ f (x) is continuous
inx € la, b].

‘We also mention

Proposition 24 [11] Let f € C"™ ' ([a, b], X), f™ € Lo ([a,b], X), m = [a], & > 0
and

o _ 1 * _ p\m—a—1 ¢(m)
D*xof(x)—ir(m_a) . (x—1) S dt, (81)

forall x, xg € [a,b] : x > xp.
Then D, o J (%) is continuous in xo.
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Proposition 25 [11] Let f € C"™ ! ([a, b], X), f™ € Lo ([a,b], X), m = [a], & > 0
and

_1ym
e E——

X0
=T / (€ — 0" £ (), 82)
(m - 0[) X

forall x, xg € [a,b] : xo > x.

Then D)‘ZO_ f (x) is continuous in x.

Corollary 26 [11]Let f € C™ ([a,b], X),m = [a], @ > 0, x, x9 € [a, D). Then D¢ f (x),

*X()
D¢ _ f (x) arejointly continuous functions in (x, xo) from[a, b]2 into X, X is a Banach space.

o—

We need
Theorem 27 [11] Let f : [a, b> - X be jointly continuous, X is a Banach space. Consider
G(x)=w (f(,x),6, [x,b]), (83)

§>0,x€la,b].
Then G is continuous on [a, b] .

Theorem 28 [11] Let f : [a, b]? —> X be jointly continuous, X is a Banach space. Then
Hx)=ow (f(,x),0,la,x]), (84)

x € [a, b], is continuous in x € [a, b], 5§ > 0.
‘We make
Remark29 [11]Let f € C" ! ([a, b)), f™ € Lo ([a,b]),n = [v],v > 0, v ¢ N. Then

|DL, f o] < vt (x —a)"™" ,Vx € [a, b]. (85)
Thus we observe
o1 (D 8) = s [Dluf ()= Dlf )]
x,y€la,b]
lx—y|<s
”f(") HLoo([a b1.X) n—v ”f(n) HLOO([a b],X) n-v
< o (M G-+ T 09
[x—y|<8

B A PO

= ek g (86)

Consequently

2[5 1 qannro
Fn—v+1)

w1 (DY, f.8) < (b—a)". (87)

Similarly, let f € C"~! ([a, b)), f™ € Lo ([a, b]), m = [a], @ > 0, « ¢ N, then

2[£" o an

Fom—a+) b—a)y"". (88)

w1 (DF_f.8) <
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Sofor f € C" " ([a, b)), f™ € Lo (la, b]),m = [a], @ > 0, ¢ N, we find

2 H fo ”Loo([a,h],X)

D% f.8), . < b—ay"™", »
e ot (Piof o = T —at s O v
and
2 f(m)
sup w; (D§,_ f,9) | HLOC([a’b]’X) b—ay". 00)

xo€la,b) laxol = T (m—a+1)

By [12] we get that Dﬁxof € C ([xo, b], X), and by [10] we obtain that D;‘Off €
C(la, xol, X).
We present the following X-valued fractional approximation result by neural networks.

Theorem30 Leta,u >0, N =al,a ¢ N, f € CV(a,b],X),0< B <1, x€la,bl
neN:n'=f =2 Then

®

NZL et ,
L= Y I (=) - 1w
Jj=1 ’

DY_f. k) (pe st )
_A0te 1 (wl ( Lo )i TPl )y
T Q=2 T'(@+1 neb

1

gy (1Pl = 0+ [D8 |y 0= 0%) 1 O

() if f9(x)=0,for j=1,..,N — 1, we have

ILn (f,x) = f )
_4d + o721 1
T (l—e2) T(+])

o 1 1
(wl <Dx—fv "TS)[a,x] + w1 (Dgx > nfﬁ)[%b]>

nob

1

oD (” DY Fllogany & =% + [ DS f [y @ = ")a> ’

92)
(iii)
4(1 4721
ILn (f, %)= f ()l = m :
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N-1 i
FASCIyE 1
Z i {m + (b —a)’ o (=P =2) }

1 1
1 (wl <Dg—fv nTs)[ X + wi ( *xf’ W)[x,b]>

AICESS naﬂ

j=1

1 o
iy (1P o O = @+ D5 gy 0= 0%) 11

(93)
Vx €la,b],
and
(iv)
41 + e~ )
L RS,
1Lnf = Flloe < ooy
||f(”H ;1
Z j +(®—a) (1P -2)
sup wg (D _f, 5) + sup w (foxf, iﬁ)
N 1 xéela.b] " lax]  yelab) "/ Lx.b]
'a+1) neb
1
+ ———— (b—a)¥| su DY + su D% )
g =0 s 190 Lt s 15710)
94

Above, when N = 1 the sum Z;V;ll -=0.

As we see here we obtain X -valued fractionally type pointwise and uniform convergence with
rates of L, — I the unit operator, as n — 00.

Proof Let x € [a, b]. We have that DY_ f (x) = D%, f (x) = 0.
From Theorem 19, we get by the left Caputo fractional Taylor formula that

k Nl F9D @) [k J
f<n>:]§0 J! (Tx>

k a—1
n [k
(; - J) (DS f () = DE, f (x))dJ, 95)

T
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forall x < % <b.
Also from Theorem 20, using the right Caputo fractional Taylor formula we get

K\ O (k j
(=25 (G )

X k a—1
. <J - ;) (D;Lf (J)y—-D¢_f (x)) dJ, (96)

N-T () j
f(%)G(nx—k):Zf]j!(x)G( —k)(f—x>

G(nx—k) -1 . .
T () /(7_]) (D f () =D f () dJ

97
forall x < % < b, iff [nx] <k < |nb], and
k N-1 f(j) (x) J
f(n>G(nx—k)=§) i G (nx —k)<f—x)
G (nx —k) [* K\ "
(98)
foralla < X < x,iff [na] <k < |nx].
Therefore it holds
lnb] N—-1 ) [nb] J
> f< )G(nx—k) =y f],'(x) Y Gx—k (5—x>
k=|nx]|+1 j=0 J: k=|nx]+1 n
Lnb) k w1
—— > Gmx—k) (7—1>
F( )k [nx]+1 x
x (DY, f (J) = D, f (X)) dJ, (99)
and
lnx] [nx] j
k f(/)( ) k J
> f<;>G(nx—k) Z _ > Gox—h (f—x>
k=[nal k=[nal
1 [nx] x k a—1
+mk:[m] G (nx — k)/fj (] - ;)
x (DY_f (J)—D§_f(x)dJ. (100)
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Adding the last two equalities obtain

lnb]

k
Ly(fx)= ), f(;)G(nx—k)

k=[nal
N—1 () lnb] Jj
-y S Y Gx—k <E—x>
‘ j! n
j=0 k=[nal
{ Lnx) . N
+m k:%:a] G (nx — k)/ﬁ (J - E) (D*_f (J) = D%_f(x))dJ
Lnb) ko a1
+ > G(nx—k)/ (f —J) (DS, f (J) — D% f (x)) dJ
k=[nx]+1 * n
(101)
So we have derived
|nb] N—1 0 .
vfo-r@| Y cou-n|=3"1 ar(c=0/) +aw.
k=lna] j=1 '
(102)

where

[nx] a—1
1 x k
e (x) '= —— § G (nx — k)/k (J — ;> (D¢_f ()= D¢_f(x)dJ

r (Ol) k=[nal
Lnb) Lok a1
+ > Gnx —k)/ <f - J) (D& f (J) = D& f (x))dJ
X n
k=|nx]+1
(103)
We set
[nx] x k a—1
el (x) = ) k;] G (nx — k)ﬁ <J — ;) (DS_f () —=D§_f(x)dJ,
(104)
and
1 Lnb) ko a1
n = Fo kz%ﬂ G (nx — k)/x (Z - J> (D% f (J) = D% f (x))dJ,
(105)
ie.
en (x) = e1n (x) + €2, (X) . (106)

We assume b — a > niﬁ’ 0 < B < 1, which is always the case for large enough n € N, that

_1 . .
is when n > {(b—a) ﬁ—‘.ItIS always true that either |§ —x’ < nif‘ or |§ —x| > niﬂ
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For k = [nal, ..., |[nx]|, we consider

X k a—1
O == Hﬁ (J - ;> (DY_f(J)=D¢_f(x)dJ

X k a—1
— ‘/ (1—7> D _f(JI)ydJ
k n

X a—1
< / (] - 5) |D¢_f (D ds (107)
k n

n

« (X B %)a o (X - a)ot
= || Dxff (‘I)”oo,[a,x] T = || DxffHoo,[a,x] T (108)
That is
_\a
N L (109
fork = [nal, ..., |[nx] .
Also we have in case of }% — x| < nLﬁ that

X k a—1
o < f (J - ;) ID% £ (1) — DY f (v)| dJ

<),

X k a—1
(J - ;> o1 (DY_f 1) = x1) g dd

X k a—1
) / (J - 7) di
[a,x] {‘7 n

=~

k
¥ — =
n

O < anP (111)
Consequently we obtain
lletn (Ol
1 [nx]
< G — k)0
) k;ﬂﬂ (nx — k) 01k
| |nx] [nx]
- > G (nx — k) 01 + > G (nx — k) 611
k T [nal ] k 7 [nal 1
o —x =5 =2 >
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Lnx] @1 (D“_f, L)
| X nf [a,x]
=T (@) Z G (nx — k) an®h e
[k = [-I’la—|
.|k 1
[nx]
(x —a)*
+ Z G (nx — k) || Dgff”oo,[a,x] o
k = nal
X 1
Py —.X| > n7
1
1 w1 (Dg—f’ nfﬂ)[a’,{]
“T(+1) net
o0
N 3 G (nx =) | [ DY_f oo pae) & — @
k = —0
tnx —k| > n'"FP
De_f, i)

< 1 ] ( o la.x] ”Dg—f”oo,[a,xj x—a" (113)
Tt noB ell(n]*ﬁ—Z) .

So we have proved that
1

o
@1 (Dx_f’ ﬁ)[a,x]
neb

llewn ) < Tt D

1 i} )
el Lo PTG (114)

Next when k = |nx| + 1, ..., [nb] we consider

k a—1
n(k
[ (5-9) wrror-vesw)as

O =

k k a—1
</’(;‘J> | D% f () = D f )| dd
! k k a—1
:/‘<;‘J> |D%, £ ()] ds 4
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14 Page260f33
k )O‘ o
( —X b —x)
= HD:fooo,[x,bJ . o = ”Dgxf”oo,[x,b] o ' (116)
Therefore when k = |nx| + 1, ..., |[nb] we get that
That is
b —x)*
0o < | Dfxf”oo,[x,h] “a (117)
Incaseof‘% —x’ < niﬂ we have
5 k a—1
O 5/ (;—1) o1 (D [ 10 = x1)p py dT
X
iil k a—1
<o (Df:x , ,_x) / <f—1> dJ
[x.b) Jx  \TT
1 (k —x)a
< DY f, — 7 < D% f, — . 118
= ( ol nﬁ)[x,b] o« - ( vl P [,y €N e
So when ’% — x‘ < iﬂ we derived that
n
@1 (Dg" "i”)[ b]
X,
92/( < anf . (119)
Similarly we have that
llezn ()]
1 [nb]
= @ Y Gx—kyx
o k=|nx]+1
| Lnb) [nb)
=t > G (nx — k) 0o + > G (nx — k) 0
k= |nx]+1 {k:LnxJ—i—l
.k 1 .k 1
Hy—xl =5 oy —x|> 5
(120)
Lnb] o1 (D"‘ , i)
1 *X nb [x.b]
< G —k :
~ I'(a) Z (nx — k) an®p
k=|nx]+1
Skl < L
“in — nbP
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nb]

b_ o
- 3 G x| |D% %
k=|nx]+1
g = x> 55
- 1 (Da > nP )[ bl
“T(+1) nop
oo
- > G (nx = k) [ D f | ooy b — 0 (121)
[ ~ e
. %—x| > niﬂ
o 1
1 w1 (D*Xf, ,1,3)[ 5] 1 Y
= M@+ 1) noB ==+ eu(nl—ﬁ_z) ”D f”oo [x.b] (b —=x)

So we have proved that

(Dgx nﬁ )[X,h]

< 122
len O = s o (122)
1 o
+ M(nl ) ”D f”oo[xb](b_x)
Therefore
llen CONl = llern Ol + llezn (Ol
DY f. L D2,
<! wl( =) "ﬂ>[a,x1+wl( T )[xb] (123)
“ T+ nop
1
bty (195 oy &= @0+ 1Dy & =)
From the proof of Theorem 14 we get that
Y -
L(c-0)@| = o+ -l —mm, (124)

forj=1,...,.N—1,Vx €la,b].
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Putting things together, we have established

Lnb]

N— )
Lifo-fo| Y 6ox—k Z I/ (x)“ (125)
k=[nal j=1

1 b j 1
m"’( —a) eﬂ-(ﬂl_ﬁ—z)

! i
1 wl(Dg‘fnﬁﬁ)ml]+_wl<D:*f’53>uﬁ]
T+ nop

+

1
( ”D?—fHoo,[a,x] (x —a)* + H D:x Hoo,[x,h] O x)“) =: Ky (x).

)
(126)

As a result we derive

Lo () — F Ol < M,{ (), ¥x € [a, b]. (127)

We further have that
N—1

|f<]>|| 1
Knlloo < ; [ -+ (b —a) m}

sup | w1 | DY_ ,i) )+ su (a) (D"‘ ,i) >
1 qub]( l( =2 D ceta \ L )

+I‘(a+1) nop

1 . . ) B
* m b—a) {(x;’lp (”Dx—fH) +xesﬁl?b] (” D*xf”oo,[x,b]))} = Ep.

(128)
Hence it holds
4(1 + 2

1Lnf = flloo = =5 En- (129)

We observe the following:

We have
o (_I)N * N—a—1 ,(N)
LN =rr=a ) V-9 fM(dd Yy ela,x]  (130)
y
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and
[(DE_f) W] SF(T(/ (J — y)N—o- 1d1> Hf(mH
Y (Nl— ) (x(;/ y_)a) s H r(f]v_#
o (=" H (N)H
“T(N—a+1)
That is
L
and
29019 i = a1 )]

Similarly we have

1 y
w&ﬂwﬁjﬁﬁjﬁf(%ﬂwﬂ”fwﬁwnwehﬁk

Thus we get

1D F) W = 1“(N7 (/ (y — )N-e~ 1dt> Hf(N)H

1 -V

: )
" TI'(N—a) (N—-a)
L) ety
“T'(N—a+1 0
Hence
= rorars ]
1% oo e ST —at D) Hf o0
and
ey )
XESUP 19271 xb] = C'(N—a+1) ‘f 00
From (89) and (90) we get
! 2] ™ -
D < [.°] b— N—«
x:}zpb]wl( _f )ax]_F(N—Ol-‘rl)( a)
and

N
ww«mfi> = A
xefa.b] TP ) T TIN=—a+ 1)

Thatis E,, < oo.

a+1)

’

)N*O( .

)
o,

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)
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We finally notice that

N=1 () )
Litfn -2 9 (o) - r

j!
j=l1

LY (f,x) 1

(S Gox =0) (S G nx —0)

N—1 () )
(Z f Jj‘(X) Lk ((, _ x)f) (x)) — (%)
=7

1 . N rO) () . ‘
= ( Lnb] k)) |:Ln (f,x)— (Z i L, ((. — x)J) (x) | (140)

k=(na1 O (nX — j=1
lnb]
| D Gox-n ] rw|.
k=[na]
Therefore we get
N-L 2 (j) , 4(1 4 ¢~ 21
REDD L, (=) o0 - ron ) < 52
j=
N=L 2(j) . b]
Ly (f.0) = (Z ! j,(x)L: (c=x07) (x)) - ( > Gnx —k)) F@l.
j=1 ’ k=[nal
(141)
Vxe€la,b].
The proof of the theorem is now finished. O

Next we apply Theorem 30 for N = 1.

Theorem31 LetO <o, B <1, 0 >0, f e C' ((a,b],X), x €la,bl,n e N:n'""F > 2.
Then

€]
ILn (f %) = f ()l
o 1 o €1
- 4(1 +e—2u,) 1 (a)l ([))(—f7 nﬂ)[a,x] + wi (D*x ’ nﬁ)[x,b])
T Q=2 T'(@+1) nop
1

iy (1P F o & = @ 4 D5 gy = 07) 1142
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and
(ii)

4(1 + e~ 21 1
ILnf — flloo 1—e) TerD)

( sup @1 (Dg_f’ ”iﬁ)[a x] + sup @i (Dgx ’ )[x b])

x€la,b] x€la,b]
<
= Y

b—a)” o
Ty (P HD Sl fax + SUP. ”D*xf” e ) (- (43

When o = % we derive

Corollary32 Let0 < 8 <1, u >0, f € C'([a,b],X), x € [a,b], n e N:nl=F > 2.
Then

€y
ILn (f,x) = f X
1 1
D2_f, i) + (Dfx , i)
- 8(1 + 6’_2“) (wl ( f nB o] (] nb 5]
T (A—e)ym ns
+ et (n'F —2) <HD2 fH (x—a)+HD*2fo J(b—x)) .
00,[a,x] [x,b]
(144)
and
(i)

8(1 + e2)
ILnf = Flloo = G (=) Jr

1
sup i <D [ nﬁ) + sup (Dfxf, ,,%)
[a,x] x€la,b] [x,b]

x€la,b]
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Vb —a 1 1
+ (I%ﬂ) sup sz_f” + sup |Dif H < 00.
et (n1=F —2) \refa.n) coax]  xelab] 00,[x,b]

(145)
We make
Remark 33 Some convergence analysis follows based on Corollary 32.

Let0<B <1, u>0, feCl(a,b]l,X),xelabl,neN:n"P =2 Weelaborate
on ( 145). Assume that

1 1 R
o (Dj_f, —ﬁ) < (146)
nf )i n
and
1 1 Ry
w1 | Dix f, -5 = 5 (147)
n [x,b] n
Vx €la,b],VneN,where R, Ry > 0.
Then it holds
1 1 1 1
sup i <D]f,f, ,7;) + sup w; <D>3xfs ,7;)
x€la,b] [a,x] x€la,b] [x,b]
B
n?2
(Ri+R2)
# . (Ri+Ry) R
< 7 = 5 = (148)
nz n2 nz

where R := R; + R» > 0.
The other summand of the right hand side of (145), for large enough n, converges to zero

at the speed m, S0 it is about ﬁ, where L > 0 is a constant.
Then, for large enough n € N, by (145), (148) and the above comment, we obtain that
M
ILnf = flloo < —5- (149)
nz

where M > 0, converging to zero at the high speed of %ﬁ.
nz
In Theorem 11, for f € C ([a, b], X) and for large enough n € N, the speed is niﬂ‘ So
by (149), ||L, f — flls converges much faster to zero. The last comes because we assumed

differentiability of f. Notice that in Corollary 32 no initial condition is assumed.
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